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Let G be a planar bridgeless graph, and let S, = {C, ,..., C,} be a set of edge-disjoint cycles of G. Then there exists a 2-cover S of G with s,cs.
To prove the theorem we use THEOREM A [2, Theorem 21. Let G be a planar bridgeless graph, and let G' be an Eulerian supergraph obtainedfrom G by duplicating every edge at most once. Then there exists a cycle decomposition s' of G' such that each element of s' corresponds to a cycle of G.
Proof of the theorem. Our terminology follows that of [ 1) . Consider the graph G' obtained from G by duplicating every edge in G -UE( C,) exactly once (the union being taken over the elements Cj in S,). By construction, G' is an Eulerian supergraph of G. By Theorem A, G' has a cycle decomposition S' = {C; ,..., CL} such that each C: corresponds to a cycle Ki of G, i = l,..., k. Hence S, = {K, ,..., Kk} is a cycle cover of G such that ( 1) each e E E(G) -lJ E( C,) belongs to exactly two cycles in S, (since e has been duplicated exactly once in forming G'), and (2) each e E UE( C,) appears in exactly one cycle of S,. Therefore, S = S, u S, is a 2-cover of G with S,, c S (if S, n S, # 0, then the elements in this intersection are counted twice in forming S). The theorem now follows.
Remark.
The 2-cover S constructed above may not be a set of cycles, e.g., if some Cjs S, is a block of G. However, it is not too difficult to deduce from the proof of Theorem A that if no cycle of G is a block of G, then one can find a 2-cover SI So such that S is a set of cycles.
Note added in proof:
Francois Jaeger pointed out to the author that the theorem "is an easy consequence of the Four Color Theorem (this is because a 4-flow can be used to construct a 2-cover containing any specified set of edge-disjoint cycles." However, it should be noted that neither the proof of Theorem A nor the theory behind it requires the use of the Four Color Theorem.
